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p(+test|D)p(D) + p(+test|-D)p(—D) it U CUL\BIESR(L ?
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0.99x0.001 + 0.05x(1 — 0.001)
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p(y|x)p(x)
i p(Ix)p(x;)

p(Data|Param)p(Param) p(D|0)p(6)
Yip(Data|Param;)p(Param;) X,; p(D|6;)p(6;)

p(0|D) SBENDT posterior

p(D|0) ZLE likelihood

p(0) SHEID prior

p(D) = Y;p(D]6;)p(6;) evidence (for the model)

p(x|y) =

p(Param|Data) =




T—YDIEFDOZE

p(D|0)p(8)
g e
P 2.;p(D16:)p(6:)
p(0|D1,Dy) = p(Dy, D;|0)p(0)

2. p(D1,D2|6:)p(0;)

_ p(D1|8)p(D,|6)p(6)
2 p(D1]0))p(D2|6;)p(6;)

p(D2|0)p(D1|6)p(6)

ST TCATATIC A L



Bl — 10O31 YV

Likelihood — Bernoulli dist.
p(y16) = 0¥ (1 — )Y
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LIKELIHOOD B8O

Likelihood — Bernoulli dist.
p(y16) = 0¥ (1 — )Y

Likelihood - Binomial dist.

p(y|6) = | ‘_p(inH)

= gYi(1 — 9)1-vi)

i
= 92Vi(1 — )20V = gz(1 — 9)N-2)



N—4% 5% (PRIOR)

p(@|a,b) = beta(O|a,b)
ga-1(1 — g)b-1)
B(a,b)
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POSTERIOR

p(z,N|8)p(6)
p(z,N)

92(1 —9)(N- Z%)
- p(z,N)
02(1 0)(N Z)H(a 1)(1 9)(19—1)

B(a,b)p(z, N
9(z+a 1)(1( 9))(5( +b—1)
8(z+a—1)(1 _ 6)(N—z+b—1)

9(z+a 1)(a b)p()%NN2+b 1) p(6|z,N) =m

_m = beta(@|z+ a,N —z + b)

p(@|z,N) =
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Markov Chain Monte Carlo (MCMC) posterior distribution Z#> = 2
L—>3VZ2B0WT0aMT 3
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populationprop osed

p(move) =

]
populatloncurrent

® U UNIFrandom < p(move) —» move




METROPOLIS ALGORITHM

. (population,,,,osed —
p(move) = min (—LL , 1)

populationcyrrent

If UNIFrandom < p(move) —» move

B random-walk OO R:
HIERBRINOAY —(EZIREIT BDIOHDIEEDER
=T v DT TOEEih

i. e., Compute POP(theta_proposed)/POP(theta_current) s |
uniform distribution(CfE S ELEZ AR . KR - BHZRTE "




WHY |IT WORKS

Suppose we are at position 6
Probability of moving to 8+1 =p(6 - 0+ 1)

p(@ - 6 + 1) = p(propose 6 + 1)xp(accept 6 + 1)
p(@ - 6+ 1) =05xmin (%), 1)

p(6 +1 - 0) = 0.5xmin (%1)

( 1

p(60+1)  05xmin(ppem1) | 70T ifPOP(6 + 1) > POP(0)

I — <
p(6+1-60)  o5xmi 1 o

Xmin| g 1) ﬁﬁﬂ%) ifPOP(8 + 1) < POP(6)
\

__ POP(6+1)

~ TPOP(O)
BN RBEBERE—T v bOHOBEXNRMEEE<BLERD



WHY |IT WORKS
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WHY |IT WORKS

P(6-1)
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P(6+1) P(6)
PO+ 0 5m , 1)
P(6+1

P(O—1) < P(9) & P(6 +1) < P(H) DS

P(6-1) P(O- 1)]+05[1 P(6+1)

P(0) P(6+1)
> WThe = — 0.5 + e 05[1 — P(B)]-_ 0.5 -

P(6)
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P(G 1) P(8) P(8-1)
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P(6+1) P(6O) P(0)
| +05[1 = 1] -fuim |

P(O) <P(O+1) & P(6 —1) = N/JADIZS
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METROPOLIS., —azBIIC(E

Target distribution P(6)
Proposal distribution (Itk4A BFExEND

o, 0 arge
Accept a new position at prob =If((9—tLt))
current

A random uniform number is used for decision



28 : MCMC BERNOULLI

Randomly generate a proposed jump A6~N(0,0)
Opro = Ocur + A0

Compute probability of moving to the proposed value

i (122)) < i (1,200 ) e
= min 1;-7--7 = min 1;-1---3-1-- |WHMN
meUe ( P(Bcur p Dlecur p Bcur)
Ber(z,ND|O,,, )beta(0O,,, |a,b

""Ber(z,ND|8,.,,)beta(b,,, |a,b)

, (N-2) ,(a-1 (b-1)
_ mln 1 epro(l—epro ) N G;Tf )(1_9pro ) b /B(a,b) .¥‘.
Bczur(l—ecur)(zv—z)gsi'r15(1—ecur)(b—1)/3(a,b) “.;.l
Accept new value of runif < pmove o
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' EXAMPLE SIGMA=0.2

Histogram of theta history
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likelihood

p(D101,02) = [lcoin1 ?il01, 02) [1coinz p()’j|91: 02)
= 0,7 (1 - 6,) W72 (1 — 0,)N27%)p(6,, 6,)

p(D|6,,6,)p(6,,6,) . p(D|6,,6,)p(6,,0,)

p(01,62|D) = p0) I Jp(DI6,,0,)p(6,,9,)d6, a0,



oY : POSTERIOR

. p(D|61,60,)p(64,0)

_ 9121 (1-6, )(Nl_zl)eazz (1-6,)N2=22)p(6,,6,)

- p(D)

071 (1-0, YN1-21)9?2(1-9, ) N2-22)g%17 (19, )(P1-Dg%271(1—g, )(b2~1)
p(D)B(aq,b1)B(az,b;)

p(D)B(a1,b1)B(az, by) = B(z1 + a3, N1 — z1 + b1)B(22 + az, Nz — z3 + by)
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' METROPOLIS

Histogram of theta history(, 1]

Histogram of theta history[, 2]

1000 steps
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' METROPOLIS

Histogram of theta history(, 1]

Histogram of theta history[, 2]

100000 steps

z1 = 6,N1 =8
z2=2,N2=7




GIBBS SAMPLING

Metropolis - 2 TD/ S X5 Z=—EHIR - )
proposed all parameters is accepted or rejected together
_ p(D|01,02)p(91,02) _ Qfl (1_91 )(N1—21)8222 (1_92 )(N2_22)9f1_1(1—91 )(bl_l)egz_l(l—ez )(bz—l)

p(01,6,|D) o p(D)B(a,,b,)B(a,,b,

Gibbs sample — 1 D 1 DZ&{@ERIICIFIR - ZEH]
IBRENI/CS AP FHEDI TS X5 DETRED TR - T p(6,, 16,2}, D)

6.,0, 6.,0,
P(6110, D) = gt =ertmtiry

beta(@l |Zl +a1 )Nl _Zl +b1)beta(92 |Zz +Cl2 ,Nz _Zz +b2)
eta(V,|z, +a,,N, -z, +b, )beta(bV, |z, +a,,N,—z,+b, )d0,

beta(91 |Zl +a1 )Nl _Zl +b1)beta(92 |ZZ +a2 ,Nz _ZZ +b2)
beta 92 |z2 +a,,N, -z, +52 ] I beta 91 |z1 +a,,N, -z, +51 ;abl

= beta(91|21 + a4, N1 —Z1+ bl)
p(92|91, D) = beta(92|Zz + ap, NZ — Z + bz)
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£&4 GIBBS SAMPLING

Histogram of theta history(, 1]

100000 steps

Histogram of theta history[. 2]

z1 = 6,N1 =8
22=2,N2=7




3 GOALS OF MCMC

Posterior D& 1E \
AHEICHF UL, T RERIDE
BEOMCMCOIER %= LLE
Shrink factor (chainR% &L & chainfE 2 EY)

IFEEETEM
AutocorrelationzF T v o9 3

Effective sample size (ESS)
> )L & autocorrelationD{E THELE

Compare HDIs
Monte Carlo Standard Error: SD/sqrt(ESS)

IES
Parallel processing
sampling methodZ={&1E
ModelsDE1E




3 GOALS OF MCMC

PosteriorM&E1E \
AHEICKF UL, TRBERINDE
BEDOMCMCOERER = LB
Shrink factor (chainRDEL & chainfE2 &)

IFEM &L/

AutocorrelationzF T v o9 3

Effective sample size (ESS)
H > )L %ZautocorrelationD{& TH1E

Compare HDIs
Monte Carlo Standard Error: SD/sqrt(ESS)

S
Parallel processing
sampling methodZ={&1E
ModelsDE1E



